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( +1)

1

253 → (2 + 1)(5 + 1)(3 + 1) = 72, 4678 → (4 + 1)(6 + 1)(7 + 1)(8 + 1) = 2520

10 1 (1

253 → 2 · 5 · 3 = 30 105 0 0

253 = . . . 000253 0 1

)

N0 ( ) (N0 = N ∪ {0})

2

0 b − 1(b ∈ N0, 2 ≤ b) n + 1(n ∈ N0) a0, . . . , an x =

n∑
k=0

bkak x

b fb(x)

fb(x) =

n∏
k=0

(ak + 1)

f(x) = f10(x)

3

3.1

10 f(18) = 18

3.1

• b, n, a0, . . . , an ∈ N0

• 2 ≤ b

• a0, . . . , an ≤ b− 1

• (n = 0) ∨ (1 ≤ an)

• x =

n∑
k=0

bkak

x b n+ 1 ak x k + 1 1 ≤ n x

2 an x 1

• n = 0(x 1 )

fb(x) = x+ 1 fb(x) > x

• n = 1(x 2 )

x− fb(x) = (ba1 + a0)− (a1 + 1)(a0 + 1)

= a1(b− a0 − 1)− 1

1
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(i) fb(x) ≤ x

x− fb(x) ≥ 0

a1(b− a0 − 1)− 1 ≥ 0

1 ≤ a1(b− a0 − 1)

1 ≤ a1 a0 ≤ b− 1− 1

a1
≤ b− 2

a0 ≤ b− 2

x = 2b− 2(a1 = 1, a0 = b− 2)

(ii) fb(x) > x

(i) a0 = b− 1

• 2 ≤ n(x 3 )

a0, . . . , an−1 = b− 1 fb(x) > x (1)

fb(x) < x (2)

( ) x′ = x− bnan( x′ x )

n = k (1) ( k = 1 )

n = k + 1

x = bk+1ak+1 + x′

fb(x) = (ak+1 + 1)fb(x
′)

= fb(x
′)ak+1 + fb(x

′)

x− fb(x) = (bk+1 − fb(x
′))ak+1 + (x′ − fb(x

′))

(i) a0, . . . , ak = b− 1 ⇐⇒ x′ = bk+1 − 1

fb(x
′) = fb(b

kak + bk−1ak−1 + · · ·+ a0)

= (ak + 1)(ak−1 + 1) . . . (a0 + 1)

= bk+1

x− fb(x) = (bk+1 − bk+1)ak+1 + {(bk+1 − 1)− bk+1}
= −1

< 0

⇔ fb(x) > x

(ii) (i)

fb(x
′) fb(x

′) > x′

ak = b− 2, a0, . . . ak−1 = b− 1 ⇐⇒ x′ = (b− 1)bk − 1

fb(x) = (ak + 1)(ak−1 + 1) . . . (a0 + 1)

= (b− 1)bk

= x′ + 1

= bk+1 − bk

fb(x
′) ≤ x′ + 1, fb(x

′) ≤ bk+1 − bk

x− fb(x) = (bk+1 − fb(x
′))ak+1 + (x′ − fb(x

′)) ≥ bkak+1 − 1 > 0

fb(x) < x

(i)(ii) n = k + 1 (1)(2)

(1)(2)

x b

2
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• x 1 x b x

• 1 b−1 (10 x = 19, 599, 7999, 999999

)

x b x

• x = 2b− 2 (10 x = 18)

x b x

• 3

x b x

3.2

3.2 n, a0, . . . , an, x, x
′ 3.1 Sb(x) =

x∑
k=0

fb(k) (S(x) =

S10(x))

2

1
S(10x+ 9) = 55S(x)

( ) (i) x = 0

S(0) = 1, S(9) = 55

S(10 · 0 + 9) = 55S(0)

(ii) x = m

S(10(m+ 1) + 9) = S(10(m+ 1)− 1) +

9∑
k=0

f(10(m+ 1) + k)

= S(10(m+ 1)− 1) +

9∑
k=0

f(k)f(m+ 1)( 1)

= S(10(m+ 1)− 1) + f(m+ 1)

9∑
k=0

(k + 1)

= S(10(m+ 1)− 1) + 55f(m+ 1)

= S(10m+ 9) + 55f(m+ 1)

= 55S(m) + 55f(m+ 1)

= 55(S(m) + f(m+ 1))

= 55S(m+ 1)

x = m+ 1

(i)(ii)

( 1)a, k, n 0 ≤ k < 10n ⇒ f(10na+ k) = f(a)f(k)

: (102 · 3 + 26) = f(326)

= (3 + 1)(2 + 1)(6 + 1)

= f(3)f(26)

S(29) = S(10 · 2 + 9)

= 55S(2)

= 55 · 6
= 330

3
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2

1 ≤ x , S(x) = 55nT (an) + (an + 1)S(x′) T (m) =

m∑
k=1

k =
m(m+ 1)

2

( )

S(x) = S(10nan + x′)

= S(10nan − 1) +

x′∑
k=0

f(10nan + k) (1)

1 S(10(x+ 1)− 1) = 55S(x)

S(10nan − 1) = S(10((10n−1an − 1) + 1)− 1)

= 55S(10n−1an − 1)

= 552S(10n−2an − 1)

= 55nS(an − 1)

= 55nT (an)( 2) (2)

k ∈ N0, 0 ≤ k ≤ x′ f(10nan + k) = f(an)f(k) = (an + 1)f(k)

x′∑
k=0

f(10nan + k) =

x′∑
k=0

(an + 1)f(k)

= (an + 1)

x′∑
k=0

f(k)

= (an + 1)S(x′) (3)

(1)(2)(3)

S(x) = 55nT (an) + (an + 1)S(x′)

( 2)a 0 ≤ a ≤ 9 ⇒ S(a) = T (a+ 1)

: S(4) = f(0) + f(1) + f(2) + f(3) + f(4)

= 1 + 2 + 3 + 4 + 5

= T (5)

S(27) = 55T (2) + 3S(7)

= 55T (2) + 3(T (7) + 8S(0))

= 55 · 3 + 3(28 + 8)

= 273

2 f(0), f(1), . . . , f(x) S(x)

1 ≤ x f(x) = S(x)− S(x− 1) x = 0 S(0)− S(−1) = f(0)

S(0) = f(0) = 1 S(−1) = 0 S(−1) 1

S((−1) · 10 + 9) = 55S(−1)

S((−1) · 10 + 9) = S(−1)

2

55S(−1) = S(−1)

S(−1) = 0

S(−1) = 0

fb(x) b = 10 2 ( )

4
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1′: Sb(b(x+ 1)− 1) = T (b)Sb(x)

2′: Sb(x) = T (b)nT (an) + (an + 1)Sb(x
′)

3.3

3.2 1:S(10x+ 9) = 55S(x)

f(3.5) S(3.5)

S(3.5 · 10 + 9) = 55S(3.5)

S(44) = 55S(3.5)

625 = 55S(3.5)

S(3.5) =
625

55

S(2.5) =
390

55

f(3.5) = S(3.5)− S(2.5)

=
235

55
= 4.2̇7̇

1 (10 )

2 1

S(x) =
S(10x+ 9)

55

=
S(10(10x+ 9) + 9)

552

=
S(100x+ 99)

552

=
S(1000x+ 999)

553

...

=
S(1

k� �� �
00 . . . 00x+

k� �� �
99 . . . 99)

55k

(10 )

f(3), f(3.1), f(3.14), f(3.141), f(3.1415), f(3.14159), . . .

(10 )

(10 )

S : x ∈ R,−1 ≤ x S(x)

x = −1
S(−1) = 0

x = 0
S(0) = 1

x ∈ N
S(x) = 55n(x)T (t(x)) + (t(x) + 1)S(x′)

n(x) x −1 t(x) x x′ x

5
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x ̸∈ Z

S(x) = lim
k→∞

S(⌊10kx⌋+ 10k − 1)

55k

⌊x⌋ x

f : x ∈ N, 0 ≤ x f(x)

f(x) = S(x)− S(x− 1)

S k → 4 ( Desmos Graphing

Calculator(https://www.desmos.com/calculator) )

1 y = f(x) 0 ≤ x ≤ 100

1 y = f(x)(0 ≤ x ≤ 100)

2

3

2 y = f(x)(0 ≤ x ≤ 10)
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3 y = f(x)(0 ≤ x ≤ 1)

2 ” ” 1

f(x)

4

• x f(x) x

• ( : 2 5 )

• f(x) x 0

• 3.3

5

7


